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SEVERAL OBSERVATIONS ON THE USE OF CONJUGATE GRADZENT METHODS 

* 
A. K. Cline 

Univers i ty  of Texas a t  Aust in  

Abs t r ac t  

The conjugate  g r a d i e n t  a lgori thm f o r  symmetric, p o s i t i v e  d e f i n i t e  systems 

should be viewed as an  i t e r a t i v e  algori thm (independent of i t s  t h e o r e t i c a l  f i n i t e  

convergence). I t s  e f f e c t i v e n e s s  f o r  a p a r t i c u l a r  problem depends upon the  number 

of i t e r a t i o n s  requi red  t o  achieve a c e r t a i n  accuracy. 

the t h e o r e t i c a l  bounds on convergence as well  as experimental  r e s u l t s  f o r  p a r t i -  

c u l a r  problem classes. We a l s o  compare the s tandard  conjugate  g r a d i e n t  a lgor i thm 

w i t h  the  minimum r e s i d u a l  v a r i a n t  and cons ider  the use of such a lgor i thms f o r  

dense and banded systems. 

I n  t h i s  paper w e  d i scuss  

In t roduc t ion  

The conjugate  g rad ien t  algorithm, commonly c r e d i t e d  t o  S t i e f e l  and Hestenes 

[31 and [ 6 ] ,  can be a n  important  tool  f o r  the  s o l u t i o n  of large,  sparse ,  p o s i t i v e  

d e f i n i t e  systems of l i n e a r  equat ions.  Let us denote such a system by 

AX = b, 

and make s e v e r a l  important  observat ions which d i s t i n g u i s h  t h i s  method from some 

of the  o t h e r s  used f o r  t he  problem. F i r s t ,  the  matrix A need only be provided 

as a procedure,  i .e.,  given a vec to r  z w e  must have the  c a p a b i l i t y  of  computing 

Az, b u t  how t h i s  i s  done does no t  a f f e c t  t he  method. (This procedure f o r  computing 
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Az may be  very  c lose ly  r e l a t e d  t o  a phys ica l  b a s i s  f o r  the problem, and a mat r ix  A 

i n  sparse form o r  otherwise need not  be s tored . )  Second, no a d d i t i o n a l  parameters 

o t h e r  than the  right-hand s i d e  b and the  procedure f o r  A need be involved i n  

the  method, i .e . ,  no  r e l a x a t i o n  f a c t o r s  o r  similar cons t an t s  need be es t imated .  

Third,  the  method i s  optimal i n  the  sense  t h a t  a f t e r  k s t e p s  of t he  i t e r a t i o n  

the  approximate so lu t ion  5 i s  "best"  from among l i n e a r  combinations of b, 

Ab, ..., A . (This sense of "best"  w i l l  be made more p r e c i s e  l a t e r . )  k - l b  

I n  t h i s  pape r  w e  seek t o  d i scuss  seve ra l  ques t ions  r e l a t e d  t o  the  use of 

t he  conjugate  grad ien t  a lgor i thm.  I n  s e c t i o n  1, w e  d e f i n e  the s tandard  a lgor i thm 

a s  we l l  as the  minimum r e s i d u a l  v a r i a n t ,  then d i scuss  t h e i r  convergence p r o p e r t i e s .  

We give bounds on the convergence and cons ider  t h e  l i ke l ihood  of t h e  bounds being 

a t t a i n e d .  In sec t ion  2, we compare the  two a lgor i thms t h e o r e t i c a l l y  and expe r i -  

menta l ly .  I n  sec t ion  3, the ques t ion  of  t he  a f f e c t  on convergence of the  eigen-  

spectrum of A having i s o l a t e d  extreme va lues  i s  cons idered .  F i n a l l y , i n  s e c t i o n  4 ,  

w e  examine the use o f  the conjugate  g r a d i e n t  method t o  so lve  dense o r  banded 

s y s  terns. 

1. The Algorithms and Rates of Convergence 

The standard conjugate  g rad ien t  a lgor i thm f o r  Ax = b can be expressed 

as an  i t e r a t i o n :  

Ax = o ;  

x = o ;  

0 

0 

Aro = 0 ; 

r o = b .  



For ic = i, 2 , .  . . 

e =  
k 

rT A r  

r 
k-1  k-1 

T 
k-lrk-1 

- e  - k y  

1 - ( e &  + r  ) 
'k k k-1 k-1 Y 

k 
+ &  "k- 1 Y 

&r = - ( e a r  1 - A r  ) 
k k-1 k- 1 'k 

J 

k '  
r = r  + A r  k k-1 

T 112 
The i t e r a t i o n  i s  terminated when the  r e s i d u a l  norm, j;rkli = ( r  r ) k k  , 

A 

i s  s u f f i c i e n t l y  small. I f  an  i n i t i a l  approximation x o t h e r  than ze ro  i s  

known then  i t  can be used by s u b s t i t u t i n g  

1 1 .-- riff and "ro = Q", respectively. &nrefor-hj wp shall assume the a l g o r i t h m  

as given, however. 

iff and f l y  - b - f o r  ffxo = 0 -  

"0 - 

Notice the  arithmetic and s torage  necessary.  A t  each s t e p  one a p p l i c a t i o n  

i s  requi red  as wel l  as two inne r  products,  four  vec to r  add i t ions ,  of A t o  r 

fou r  products  of s c a l a r s  and vectors ,  p b s  a minor amount of s c a l a r  arithmetic. 

S torage  i s  requi red  f o r  s i x  v e c t o r s  (b, x, Ax, r, Ar, and A r )  a l though f i v e  are 

s u f f i c i e n t  i f  i t  i s  pe rmis s ib l e  t o  overwri te  r on b and thus des t roy  b. 

k- 1 

The preceding a lgor i thm ( r e fe r r ed  t o  as the  cg-method i n  S t i e f e l .  and 

Hestenes [3J) i s  almost  i d e n t i c a l  t o  ano the r  a lgor i thm ( r e f e r r e d  t o  here  as the  

" m i n i m u m  r e s i d u a l  v a r i a n t "  but i n  [31 as the  cgl-method) i n  which a l l  equat ions  
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a r e  the same but  a l l  i n n e r  products  are replaced by “A-inner products”  ( i . e . ,  

r e s p e c t i v e l y ) .  The preceding comments on terminat ion,  T 
= (Ark-l) ,  

T 2  
‘k-lA ‘k-1 

i n i t i a l i z a t i o n ,  a r i thmet ic ,  and s to rage  

t h a t  the  quan t i ty  

i s  n o t  a by-product of t h i s  v a r i a n t  and thus i t s  computation r equ i r e s  one addi-  

a l l  apply  t o  t h i s  method as w e l l ,  except  

2 llrkll , which i s  requi red  f o r  checking t h e  te rmina t ion  condi t ion ,  

t i o n a l  inner-product  p e r  i t e r a t i o n  over  the s tandard  method. 

Using a simple induc t ion  argument, t he  fol lowing p r o p e r t i e s  may be v e r i -  

f i e d  f o r  e i t h e r  algorithm: 

1. The approximate s o l u t i o n  % i s  a l i n e a r  combination of b, Ab, ..., 
Ak- lb . 

2 .  The quan t i ty  r i s  the r e s i d u a l  b - 5  and i s  a l i n e a r  combination 
k 

k of b, Ab, ..., A b. 

3 .  The r e s idua l s  a r e  or thogonal  f o r  t he  s tandard  a lgor i thm ( i . e . ,  

T 
rkrj  = 0 i f  k f j )  and A-orthogonal f o r  the  minimum r e s i d u a l  

T va r i an t  ( i . e . ,  r A r  = 0 i f  k f j ) .  
k j  

Using these  p rope r t i e s ,  the  fol lowing op t ima l i ty  cond i t ion  can be proved: 

k- 1 4 .  From the  subspace spanned by b, Ab, . . ., A b, % i s  the  unique 

vec tor  which minimizes 

I/A-1’2(b-Ax) ( 1  f o r  t h e  s tandard  a lgor i thm 

o r  

1b-k I 1  f o r  the minimum r e s i d u a l  v a r i a n t .  
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Notice f i r s t  t h a t  the quant i ty  

1/A-1'2(b-Ax) 11 2 = (b-Ax) T A -1 (b-Ax) 

= (A -1 b-x) T A(A -1 b-x), 

which i s  t h e  "A-norm" of the  e r r o r  A-lb-x. 

T -1 T T 
only by a cons t an t  (equal  t o  b A b) from the  quadra t i c  express ion  x Ax - 2b x, 

and thus  t h i s  i s  minimized by \ over the  subspace spanned by b, ...., Ak-lb 

wi th  the s tandard  a lgor i thm.  

Furthermore, t h i s  quan t i ty  d i f f e r s  

Notice a l s o  the  j u s t i f i c a t i o n  f o r  the  name "minimum 

r e s i d u a l  variant" f o r  the  second algorithm. 

These p r o p e r t i e s  guarantee tha t  the  n - th  r e s i d u a l  (where n i s  the  o rde r  

of the  system) must be or thogonal  (or  A-orthogonal) t o  n independent vec to r s  

which impl ies  i t  i s  zero. Thus we o b t a i n  an  exac t  s o l u t i o n  i n  a t  '0 * , n- 1 

most n i t e r a t i o n s .  This  observation, a l though t rue ,  i s  no t  r e l evan t  t o  the 

c m p u t a t i o n a l  a s p e c t s  of the algori thm f o r  two reasons.  F i r s t ,  when f i n i t e  pre-  

c i s i o n  ari thmitic i s  used, exac t  or thogonal i ty  may no t  hold and the n - t h  r e s idua l  

may be far from n e g l i g i b l e .  Second, f o r  very l a r g e  problems, n i t e r a t i o n s  of 

must produce accep tab le  s o l u t i o n s  i n  f a r  less than n i t e r a t i o n s  t o  be o f  va lue .  

I n  s e c t i o n  2, t hese  two algori thms w i l l  be compared. Except i n  t h a t  sec t ion ,  

a l l  o t h e r  comments about  a conjugate g rad ien t  a lgor i thm p e r t a i n  t o  the minimum 

r e s i d u a l  v a r i a n t .  

The t h e o r i e s  of or thogonal  polynomials (see S t i e f e l  [7 1) and approximation 

(see Kaniel  [41 and Belford and Kaufman [2 ] )  have been app l i ed  t o  produce estimates 

of t h e  convergence behavior of the  algori thm. The i r  r e s u l t s  have been appl ied  i n  

the remainder of t h i s  s ec t ion .  
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Since the approximate s o l u t i o n  5 af ter  k i t e r a t i o n s  i s  a l i n s a r  

k- 1 - 
combination of b, Ab, ..., A b, w e  may r e p r e s e n t  i t  as Pk- (A) b, wh2rs 

'k- 1 

b, Ab, . . ., Ak-'b can be w r i t t e n  as a polynomial i n  A of degree k-1  appl ied  

t o  b, bu t  Pk-l has  t h e  proper ty  t h a t  over  a l l  such polynomials P k - l  t he  c o r -  

- 
i s  some polynomial of degree k-1 .  Notice t h a t  any l i n e a r  combination sf 

- 

responding r e s idua l  r = b -Ax = 

Thus, i f  w e  l e t  A = UDUT be a n  

T where D = d i a g  (d.) and U U = 
1 

b - APk-l(A)b 

or thogonal  e igenvalue decomposition fDr A, 

UU = I, w e  have 

i s  s m a l l e s t  i n  Euclidean n o n .  

T 

From t h e  invariance of th2 Euclidean n o m  under orthogonal t ransformation,  w e  

o b t a i n  

- 
we a l s o  where b '  = U b. From t h e  minimizing proper ty  of t he  polynomial Pk-l,. 

have that f o r  any o t h e r  polynomial P k - l  of degree k-1,  

T 

n 

i=l 
< max ( 1 - d  P ( d i l l 2  2 b I 2  i i k-1 - 

i 
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The term 1 - diPk-l(di) i s  simply a polynomial Q of degree k evalua ted  k 

a t  d . Q, has  the  property,  however, t h a t  Qk(0) = 1. It should be recognized 

t h a t  f o r  any such Qk of degree k and w i t h  Q (0) = 1, t h e r e  is a unique Pk-l 

of degree 

i 

k 

Q (A) = 1 - hPk,l (A) . k-1, s a t i s f y i n g  We sunanarize the  preceding k 
r e s u l t s  as a theorem which shall be r e f e r r e d  t o  as the  polynomial bound, hencefor th .  

= b-Axk be the  r e s i d u a l  obtained by k s t e p s  of k Theorem 1. L e t  r 

the  minimum r e s i d u a l  v a r i a n t  conjugate g r a d i e n t  a lgor i thm;  then for any polynomial 

’k- 1 of degree k-1, w e  have 

A l t e r n a t i v e l y ,  for any polynomial Q of degree k s a t i s f y i n g  Q (0) = 1, w e  

have 

k k 

Ail of the r e s u i t s  to fo i io i j  wkiieh boiind Ijrkii/iibli srg sbtzined using 

k’ p a r t i c u l a r  s e l e c t i o n s  of such polynomials Pkml and Q 

For example, l e t  a l l  the eigenvalues of A be contained i n  t h e  i n t e r v a l  

[CY,@], where (2 > 0, and then l e t  Tk denote  the  k - th  degree Chebychef polynomial 

on the i n t e r v a l  [a,B] normalized so T (f3) = 1, i . e . ,  k 

Tk(h) = - 2 [(. +\/827;)* + (e - K;)”] 
where 
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The polynomial Tk(A)/Tk(0) 

max IT (d.)  15 as our  polynomial 

p r o p e r t i e s  of Chebychef polynomials, w e  have: 

assumes the  va lue  1 a t  zero ;  hence w e  d e f i n e  t h i s  

and s i n c e  max ITk(?.) 1 = 1, from the 
i h€.[a,BI QkJ 

Theorem 2 .  The approximate s o l u t i o n  % of the  minimum r e s i d u a l  v a r i a n t  

s a t i s f i e s  

where Tk i s  the Chebychef polynomial of degree k on an i n t e r v a l  [a,@] con- 

t a i n i n g  the eigenvalues of A and normalized wi th  T (p) = 1. k 

I f  one were t o  use the  Chebychef i t e r a t i o n  method (see  Varga 181) on 

t h i s  problem, the same estimate would be obtained ( i n  f a c t ,  w i th  t h i s  method 

-1 r = (Tk(0)) Tk(A)b). Its a p p l i c a t i o n  would r e q u i r e  knowledge of s u i t a b l e  con- 

s t a n t s  a and 8, however, and, aga in  from the optimal n a t u r e  of the minimal 

k 

r e s i d u a l  v a r i a n t ,  the  conjugate  g r a d i e n t  r e s i d u a l  a t  any s t e p  does n o t  exceed i n  

norm the  Chebychef i t e r a t i o n  r e s i d u a l  a t  t h a t  s t e p .  

Returning t o  the  bound of Theorem 2, we now seek t o  explore  the  n a t u r e  

of t he  sequence {ITk@) . Since 



L 

r 

Using simple p r o p e r t i e s  of the hyperbol ic  cosine,  i t  can be shown t h a t  

a l s o  

and w e  n o t i c e  t h a t  f o r  any f i x e d  k lTk(0) I i n c r e a s e s  (hence the bound 

lTk(0) I - '  decreases)  as p/Crr decreases .  Thus t h e  t i g h t e s t  bound of  th is  type 

i s  obta ined  when @ = max d ( the  l a r g e s t  e igenvalue)  and a = min d ( the  smallest 

e igenvalue) ,  i n  which case  the r a t i o  B/a = K ,  the  cond i t ion  number of t he  ma t r ix  A.  

i i 

We s t a t e  t h i s  as a c o r o l l a r y .  

Corol la ry .  The approximate s o l u t i o n  x of the  minimum r e s i d u a l  v a r i a n t ,  k' 

sa t i  s f  ies 

where r< i s  the  cond i t ion  number of A. 

It  immediately fol lows t h a t  i f  w e  want /]b-%li//lbil t o  be l e s s  than some 

given, p o s i t i v e  to l e rance  E, then we should have 

1 cosh k cosh 

thus  

k > cosh-I  (4 /cosh -1 (x) K + 1  . - 

Figure  1 provides  these  va lues  of k corresponding t o  cond i t ion  numbers 

K = 10 , 10 , ..., 10 , and r e s idua l  t o l e rances  B = 10 , 10 , ..., 10 . 1 2  6 -1 - 2  -8 
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Recall t h a t  these numbers answer the  ques t ion  "how many s t e p s  of conjugate  

g rad ien t  may be necessary?" 

To f u r t h e r  explore  the na tu re  of the  convergence of t he  algori thm, n o t i c e  

t h a t  s i n c e  K 11,  0 - < - < 1 <  K +1 . Thus t h e  term ($-$r i n  the  second 
Ji 4-1 J;; -1 

bound of the co ro l l a ry  becomes n e g l i g i b l e  wi th  i n c r e a s i n g  

i t  i s  non-negative, w e  simply overest imate  i f  w e  ignore  i t  

following: 

k. Furthermore, s i n c e  

This r e s u l t s  i n  the  

Corol lary.  The approximate s o l u t i o n  of the minimum r e s i d u a l  v a r i a n t  

s a t i s f i e s  

f o r  E > 0, then / ~ b - A ~ ~ ~ / ~ ~ b ~ ~  5 E.  
fi -1 

and if k _> l o g  ( k v l o g  ( J;; +1 ) 
This approximation i s  very good; i n  f a c t ,  i f  the  i t e r a t i n n  bounds i n  

Figure 1 based on the f i r s t  c o r o l l a r y  were replaced by the  va lues  given by t h i s  

c o r o l l a r y ,  then only s e v e r a l  e n t r i e s  would change, and they by one s t e p .  

E s s e n t i a l l y  t h i s  bound i m p l i e s  l i n e a r  convergence wi th  a f a c t o r  of 

, and these  numbers have been included i n  F igure  1. Notice t h a t  

w i t h  wel l -condi t ioned problems, convergence i s  very  rap id :  

t i o n  wi th  K = 10. However, f o r  poorly condi t ioned  problems w e  see t h a t  each 

e x t r a  b i t  may r equ i r e  a l a r g e  number of s t e p s  (e.g., 346 s t e p s  f o r  K = 10 ) .  One 

approach t o  improving the  behavior  

t ransformat ion  of  t he  o r i g i n a l  problem Ax = b i n t o  perhaps (STAS)(S- x) = STb, 

about a b i t  pe r  i t e ra -  

6 

of t h e  conjugate  g r a d i e n t  a lgor i thm i s  the  

1 



NUMBER OF ITERATIONS NECESSARY "0 YIELD RESIDUALS OF A GIVEN MAGNITUDE 

10 -8 

Linear 
Convergence 

Factor 

CONDITION NUMBER I 

. 30 96 30 3 956 3023 9557 

.519 .818 .938 ,980 .994 .998 

Figure 1.  Theoretical Bounds--Minimum Residual Variant 
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T where S AS i s  b e t t e r  condi t ioned than A. This  i s  d iscussed  i n  [l]. 

It should be emphasized, though, t h a t  these a r e  bounds. Furthermore, they 

a r e  based upon theory inc lud ing  the  assumption of A-orthogonal i ty  of t he  r e s i d u a l  

v e c t o r s .  It has been our  experience,  though, t h a t  while i n  p r a c t i c e  the  t h e o r e t i c a l  

assumption of A-orthogonality may be g r o s s l y  v io l a t ed ,  t hese  bounds have never 

been. A r e l a t e d  ques t ion  is ,  then, can these  bounds be m e t  (at least t h e o r e t i c a l l y ) ?  

I n  [41, Kaniel  a s se r t ed  the  e x i s t e n c e  of systems f o r  which the  bounds of the f i r s t  

c o r o l l a r y  would be met; the  fol lowing theorem provides  a c o n s t r u c t i o n  of  such a 

system. 

Theorem 3 .  L e t  A b e  a (k+l) x (k+l) mat r ix  wi th  e igenvalue  decomposition 

UDUT where D = diag (d.)  and 
1 

cr+B + Cr-B cos - i- 1 
T ,  i = 1 ,..., k+l, 2 2 d .  = 

1 

T f o r  some f3 > 0 > 0 .  Further ,  suppose b '  = U b s a t i s f i e s  

The r e s i d u a l  a f t e r  k 

s a t i s f i e s  

s t e p s  of the  minimum r e s i d u a l  conjugate  g r a d i e n t  a lgor i thm 

where Tk i s  t h e  Chebychef polynomial on the  i n t e r v a l  [a,f3] normalized so Tk(B) = 1. 

This i s  t h e  maximal va lue  f o r  

a lgor i thm app l i ed  t o  systems w i t h  matrices w i t h  e igenvalues  i n  [a,@]. 

Ilr II/llbll f o r  t he  minimum r e s i d u a l  conjugate  g r a d i e n t  k 



Proof:  We i n t e n d  t o  show tha t  t h e  s o l u t i o n  a f t e r  k s t e p s  i s  

T (A)) i s  a polynomial of degree k - 1 F i r s t ,  i t  i s  c l e a r  t h a t  A I - - 
i n  A and thus  ts, is contained i n  t h e  l i n e a r  span of b, Ab, . . ., A 

a s s o c i a t e d  r e s i d u a l  i s  

1 
-I( Tk(o) 

. The k- lb 

and, from the  o r thogona l i ty  condition, we may assert t h a t  t h i s  i s  the  k - t h  r e s i d u a l  

Since the  s o l u t i o n s  k-1' i f  i t  i s  A-orthogonal t o  the  r e s idua l s  

"0, XI' * - * ,  xk-1 j j-1 j-1 

'07 r p  * .  - * Y  r 
- - 

have the  form x = P (A) b where P i s  a polynomial 

of degree j-1, the  r e s i d u a l s  must also be polynomials: I - f i  (A)b. These 

are of degree up t o  k - l , - and  i t  s u f f i c e s  t o  show that r A r  = 0 for any r 

which i s  a polynomial of degree up t o  k-1 i n  A app l i ed  t o  b. Equivalent ly ,  

w e  may show r A r  = 0 f o r  a set  of independent r ' s  which span the  same space.  

Thus w e  choose r of the form Ti  (A) b f o r  j = 0, .  . . , k - 1  and show 

j- 1 
T 
k 

T 
k 

- 
O = r A r = -  T bTT,(A) A T .  (A) b . 

k Tk (0) 3 

T .  (A) b; (Notice w e  do no t  claim that the  j - t h  r e s i d u a l  1: i s  T . ( A ) b  o r  - 1 
j 3 T p )  3 

only  t h a t  by us ing  t h e  lower degree Chebychef polynomials we may span the  same 

space as the  proper  t I s . )  
j 

Using the  e igenvalue  decmposi t ion ,  w e  have 

bTTk(A)AT.(A)b = b' T Tk(D)DT.(D)b', 
J J 

k+l 

i = L  

- 
2 

= C diTk(di)Tj(di)bf . 
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Then from t h e  d e f i n i t i o n  of b '  w e  have 

where ' I  i n d i c a t e s  summation w i t h  only ha l f  the  f i r s t  and las t  terns. 

the  d e f i n i t i o n  of d and the  f a c t  t h a t  
i 

Now us ing  

we have 

( i -1)  ~ 

k+l"  
bTT (A)AT.(A)b = c cos ( i - l ) T  cos j 

i=l k ? 1; J 

which i s  e a s i l y  shown t o  be ze ro  using t r igonometr ic  i d e n t i t i e s .  Thus r i s  

the  k - th  r e s i d u a l  and 
k 

k-1 2 ) 
L (cos ( i -  1)~- b f )  

The claim of maxirnality was proved i n  the  d i scuss ion  preceding the  theorem. 



Even though w e  now know t h a t  the bounds given i n  F igure  1 a r e  a t t a i n a b l e  

t h e o r e t i c a l l y  (and numerical  experiments with the  system from the  theorem support  

t he  theory) ,  i t  may be t h e  case that f o r  p a r t i c u l a r  d i s t r i b u t i o n s  of e igenvalues ,  

t hese  bounds may be severe  overest imates .  

experimental  i t e r a t i o n  counts  t o  solve a system of o r d e r  1000, where the  eigen- 

va lues  were equa l ly  spaced on the i n t e r v a l  [a,@] and the  components of t he  r i g h t -  

hand s i d e  i n  the d i r e c t i o n s  of t h e  e igenvec tors  (i.e.,  the q u a n t i t i e s  b!) were 

a l l  equal .  This  i s  r e f e r r e d  t o  as  Test Problem 1. We see that f o r  t he  ill- 

condi t ioned  cases  t h e r e  i s  relatively slow convergence between 10 8nd 

but  then  the  rate inc reases  and i s  e s s e n t i a l l y  independent of cond i t ion  number. 

I n  F igure  2, w e  d i s p l a y  the  actual 

1 

-1 

The case of equa l ly  spaced eigenvalues  was no t  s e l e c t e d  as an  extreme 

f o r  showing rap id  convergence. We s h a l l  see i n  s e c t i o n  3 that f o r  rap id  con- 

vergence, i t  i s  b e t t e r  f o r  the eigenvalues t o  be spa r se  a t  the  extremes and 

dense i n  the  c e n t e r .  The equal  spacing i s  perhaps middle ground between the  

case  where eigenvalues  are packed i n  t he  extremes (slow convergence) and eigen-  

va lues  are packed i n  the  c e n t e r  ( rap id  convergence).  On a p a r t i c u l a r  problem 

(o r  class of problems) o f t e n  a common spectral behavior is pred ic t ab ie ,  and i t  

may be p o s s i b l e  t o  make b e t t e r  es t imates  about  i t e r a t i o n  counts  than by us ing  

Figure 1. Two important  c l a s s e s  i n w h i c h  the  d i s t r i b u t i o n s  are known but  d i s -  

appo in t ing  a r e  the t r i d i a g o n a l  matrices w i t h  cons t an t  d iagonals  (as found i n  

two-point boundary va lue  d i f f e r e n t i a l  equat ions)  and t h e  b lock- t r id i agona l  ma- 

t r i ces  a s s o c i a t e d  w i t h  the  5-poin t  d i f f e r e n c e  ope ra to r  approach t o  Poisson ' s  

equat ion .  

the  Chebychef p o i n t s  of the extreme example of t he  theorem, and thus  w e  should 

n o t  expec t  Convergence behavior  too much b e t t e r  than that of  Figure 1. 

i n  these  cases, i t  i s  p o s s i b l e  t o  transform the  problem, e s s e n t i a l l y  r ep lac ing  

t h e  c o n d i t i o n  number w i t h  i t s  square root. (For d e t a i l s ,  c o n s u l t  [l].) 

Both of these  classes have s p e c t r a l  d i s t r i b u t i o n s  that are e s s e n t i a l l y  

However, 
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NUMBER OF ITERATIONS NECESSARY TO YIELD RESIDUALS OF A GIVEN MAGNITUDE 

CONDITION NUMBER 

101 I 128 I 148 1 

162 178 191 

176 191 20 3 

18 9 20 3 215 

20 1 2 15 226 

F i g u r e  2 .  Test Problem 1: Minimum Residual Variant 
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2 .  Standard Conjugate Gradient  v s .  Minimum Residual Var ian t  

r 
I n  s e c t i o n  1, two d i f f e r e n t  conjugate  g r a d i e n t  a lgor i thms were def ined .  

times the  r e s i d u a l  (which i s  A l l 2  times The f i r s t  minimizes the n o m  of A 

t he  e r r o r ,  x - x ) ,  the  second minimizes the  norm of  the  r e s i d u a l  i t s e l f  (which 

i s  A t i m e s  t he  e r r o r ) .  As shown i n  [l], i t  i s  p o s s i b l e  t o  de f ine  an  a lgo r i thm 

t h a t  minimizes rT(CA)-'r (which i s  ( x - 5 )  T (A -1 C) -1 (x-5))  

p o s i t i v e  d e f i n i t e  mat r ix  C such tha t  C r i s  computable f o r  r e s i d u a l s  r. 

f o r  any symmetric 

-1 

No method has  come t o  our a t t e n t i o n  which minimizes simply the  e r r o r  

over  t he  space b, Ab, .. ., Ak-'b; the s tandard  a lgor i thm comes c l o s e s t  t o  this  

i n  minimizing times the  e r r o r .  As mentioned i n  s e c t i o n  1, t h i s  a lgor i thm 

T T x A x -  2x b, which may be a d i s c r e t i z a t i o n  a l s o  minimizes a quadra t i c  expression 

of an  energy i n t e g r a l .  

then perhaps t h i s  i s  the  a lgor i thm t o  be used, but  i t  i s  our  opinion that more 

I f  one i s  concerned about small e r r o r s  o r  minimum energy, 

of ten ,  e s p e c i a l l y  when the  v e c t o r  b may con ta in  experimental  e r r o r ,  a small 

r e s i d u a l  i s  des i r ed .  I n  the  conjugate g r a d i e n t  sof tware implementing the  s tandard  

algori thm, te rmina t ion  i s  not  based upon a s u f f i c i e n t l y  s m a l l  e r r o r  o r  even A 1/2 

t imes e r r o r s  ( s ince  these  th ings  a r e  u n a t t a i n a b l e  wi thout  the  t r u e  s o l u t i o n  x), 

but  i n s t e a d  upon s m a l l  r e s i d u a l .  Thus one mot iva t ion  f o r  adopt ing the  minimum 

r e s i d u a l  v a r i a n t  could be,"If  we must t e rmina te  based upon small r e s i d u a l  we 

should s e l e c t  t he  a lgor i thm t h a t  produces small r e s i d u a l s  as f a s t  as poss ib le . "  

The remark has been made, however, t h a t  the r e s i d u a l s  produced by the  

s tandard  a lgor i thm are c l o s e  t o  those of the  minimum r e s i d u a l  v a r i a n t .  The 

ques t ion  i s  then r a i sed ,  "By how much can t h e  two r e s i d u a l s  d i f f e r ? "  A bound 

can be obta ined  as follows: L e t  rk denote  t h e  r e s i d u a l  from the s t anda rd  
- 

5 s e l e c t e d  

from the span of b, Ab, . , ., Ak-lb) and r denote  the minimm r e s i d u a l  v a r i a n t  

a lgo r i thm after k s t e p s  (recall i t  minimizes lb- 1/2 (b-hc,)  11 over  

k 
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r e s i d u a l  a f t e r  k s t e p s  ( i t  minimizes Ilb-A\I/ over  t h e  same s e t ) .  We have 

- 
From t h e  above property of r k t h a t  IIA- ‘j2ik ( 1  5 / /A- ‘I2rk 11, 

It thus i s  t h e  case that t h e  s tandard  r e s i d u a l  does n o t  exceed t h e  square r o o t  

of the condi t ion  number t i m e s  t he  minimum r e s i d u a l .  Can t h i s  bound be m e t ?  

The answer i s  not  known t o  t h i s  a u t h o r  but c e r t a i n l y  cannot be f o r  t h e  t r i v i a l  

ca se  o f  2 x 2  systems. I n  t h i s  p a r t i c u l a r  ca se  where 

(and t h i s  can e a s i l y  be shown t o  be t h e  extreme case  f o r  2 x 2 systems), w e  have 

(- -1) 
lFlIl = 

t he  bound. 

A r a t i o  of llGkll t o  

would be d i s a s t r o u s  f o r  the  

but  the rate of convergence 

i t e r a t i o n s  required t o  g e t  

lVrli;. This i s  about half t he  value predic ted  by 

I/rk// even mildly approaching & f o r  l a r g e  K 

s tandard  algorithm, s i n c e  n o t  on ly  i s  fi l a r g e  

f o r  t h e s e  problems i s  so  slow t h a t  t he  number of 

]likli s u f f i c i e n t l y  small could be p r o h i b i t i v e .  



In  F igure  3, w e  d i s p l a y  the  r e s u l t s  of apply ing  the  s tandard  a lgor i thm 

1 
t o  Tes t  Problem 1. W e  s ee  f o r  small condi t ion  number ( i .e. ,  10 ), the  requi red  

s t e p s  are nea r ly  i d e n t i c a l  t o  those fo r  the  minimal r e s i d u a l  v a r i a n t  (compare 

w i t h  F igure  2 ) .  However, f o r  the  10 l e v e l  of r e s i d u a b n o t i c e  how r a p i d l y  the  

number of i t e r a t i o n s  inc reases .  One can observe the  r e s i d u a l  norms inc reas ing  

t o  more than  t e n  t i m e s  IlbII f o r  many s t e p s  (and hence r a t i o s  of 11;,11 t o  llrkii 

of  more than 10 s i n c e  

such t h a t  t he  10 l i n e  of Figure 3 lags  the  same l i n e  of F igure  2 by a t  most 

5 s t e p s .  Thereaf te r ,  t he  two t a b l e s  agree  t o  an  even g r e a t e r  e x t e n t .  

-1 

/Irk]( 5 llblb. But then llGkll begins  a ve ry  sudden descent ,  

- 2  

The conclus ions  one may draw from t h i s  a r e  not  f i rm.  It appears  the  

s tandard  a l g o r i t h m ' s  behavior  may "asymptotically" agree  w i t h  the  minimal r e s i d u a l  

a lgor i thm f o r  some problems. C e r t a i n l y  the  i n i t i a l  behavior can be very d i f f e r e n t  

e s p e c i a l l y  f o r  poorly condi t ioned problems.  This may be important  i f  a good 

i n i t i a l  estimate i s  a v a i l a b l e  and only s l i g h t  reduct ion  i n  r e s i d u a l  norm i s  re- 

qu i r ed .  Such i s  the  case i n  time-dependent problems when s l i g h t l y  d i f f e r e n t  

systems a re  being solved a t  each time s t e p ,  and the f i n a l  s o l u t i o n  a t  one time 

s t e p  provides a starting e s t i m l t e  f o r  the s n l u t i o n  a t  t he  nex t  t i m e  s t e p ;  o r  

w i t h  non- l inea r  systems where the  conjugate g rad ien t  a lgor i thm i s  being used t o  

so lve  a sequence of l i n e a r i z e d  approximations. I n  general ,  s i n c e  the minimum 

r e s i d u a l  v a r i a n t  r equ i r e s  only one add i t iona l  i n n e r  product  p e r  s t e p  (and i t  

i s  p o s s i b l e  t o  d ispense  wi th  t h i s  except on occas iona l  s t eps )  and guarantees  

smaller r e s idua l ,  i t  i s  p r e f e r r e d  by t h i s  au thor .  
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NIMBER OF ITERATIONS NECESSARY TO YIELD RESIDUALS OF A GIVEN MAGNITUDE 

CONDITION NUMBER -7 

22 68 148 180 1 194 20 6 

IO-' 25 79 162 192 20 6 217 

b 

10 -8 29 90 176 20 4 2 17 2 28 

~~ .. 

Figure 3. Test P,roblem 1: Standard Conjugate Gradient 
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3 .  The E f f e c t  of I s o l a t e d  Extreme Eigenvalues on Rate of Converpence 

I t  w a s  mentioned i n  the  previous sec t ion  t h a t  poor convergence ( i . e . ,  c l o s e  to  

the  t h e o r e t i c a l  bounds) i s  observed when e igenvalues  are packed a t  the  extremes. 

case when the va lues  are  packed i n  the  cen te r  and the  extreme va lues  a r e  w e l l  separa ted  

i s  very d i f f e r e n t .  

components of the  s o l u t i o n  a s s o c i a t e d  with the  extreme va lues  and then moves i n  on 

the  packed region" and "The rate of convergence e s s e n t i a l l y  depends upon the dense 

s e c t i o n  of the  spectrum" have been made. 

explored theore  t i ca l  l y  and experimental ly .  

The 

Remarks such as "The method takes  s e v e r a l  s t e p s  c l ean ing  out  t he  

I n  t h i s  s e c t i o n  such ques t ions  w i l l  be 

F i r s t  we may cons ider  the case  where t h e  l a r g e s t  e igenvalue  i s  w e l l  separa ted  

from the  remainder. We assume l3 is exac t ly  t h i s  l a r g e s t  e igenvalue and a l l  o t h e r  

e igenvalues  a r e  i n  an  i n t e r v a l  [a,@'], with  0 < a 5 (3' < (3. As shown i n  [l],  w e  may 

i s  the cons ider  the polynomial Q k (A) = ( T ~ - l ( 0 ) ) - 1 ( l - 1 3 - 1 ~ ) T i - ~ ( A )  where 
1 

Chebychef polynomial of degree k-1 on the i n t e r v a l  

T,"l((3') = 1. Cer ta in ly ,  Q i s  of degree k and s a t i s f i e s  Qk(0) = 1. Furthermore,  

[C t ,S ' ]  and normalized s o  

k 

and Qk((3) = 0 .  

the polynomial bound and conclude t h a t  a f t e r  k s t e p s  of the minimum r e s i d u a l  

Since a l l  e igenvalues  a r e  contained ,n [a,@'] ir {B) ,  we may apply 

v a r i a n t ,  lkk II/ Ilb!lk, i s  bounded by 

k- 1 

We may conclude then  t h a t  the rate of convergence depends upon k '  = 6 ' /a  

and t h a t  the  e f f e c t  of the  eigenvalue a t  i s  only the  a d d i t i o n  of one i t e r a t i v e  
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s t e p .  This  can immediately be extended t o  s e v e r a l  l a rge  e igenvalues  (say 
d 

i= 1 
p,, . . .,B, > B ' )  by us ing  Qk(X) = (T,"d(0))-l (l-B-lX)Ti'd(X). I n  t h i s  case  

the  a d d i t i o n  of the d e igenvalues  l a r g e r  than @ '  i n c u r s  a l a g  of a t  most 

,e s t e p s  i n  the  i t e r a t i o n  f r m  t h e  case  where a l l  e igenvalues  a r e  i n  [CX,Bg . 
Although t h e o r e t i c a l l y  c o r r e c t ,  the  a c t u a l  computational r e s u l t s  are  

n o t  q u i t e  as pleasing.  I n  F igure  4 ,  w e  d i s p l a y  the  r e s u l t  of p l ac ing  999 eigen-  

va lues  equa l ly  spaced i n  [.1,1] 

10 . This  i s  Test Problem 2. As i n  Test Problem 1, b' con ta ins  equal  components. 

Theory p r e d i c t s  that a l l  columns should d i f f e r  by a t  most 1 s t e p  from the  f i r s t  

column of Figure 2. Ins tead ,  w e  s ee  s l i g h t  i nc reases  as the  cond i t ion  number 

i n c r e a s e s .  It appears t h a t  the  e f f e c t  of f i n i t e  p r e c i s i o n  arithmetic i s  equiva- 

l e n t  t o  per turb ing  the  l a r g e  eigenvalue 

from t h e  theory  i s  no t  q u i t e  zero  a t  t h i s  e igenvalue.  

( thus  K '  = 10) p lus  1 eigenvalue a t  1, 10, . . ., 
5 

p i n  such a way t h a t  the  f a c t o r  (l-p-'.*.) 

We now consider  the  e f f e c t  of a wel l - separa ted  eigenvalue a t  the lower 

end of the spectrum. We assume w e  have CL < CY' < p, where a i s  the  lowest 

e igenvalue and a l l  o t h e r  va lues  are contained i n  l a ' ,$ ] .  
a n a l y s i s ,  we could cons ider  the  p o l y n m i a l  

As i n  the  preceding 

where T i - l  i s  the Chebychef polynomial of degree k-1  on [a',& Obviously, 

Q,(O) = 1 and Qk(a) = 0 .  Since ~T:-~(A.) 1 5 1 f o r  x e [cxI,~], w e  have 
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NUMBER OF ITERATIONS NECESSARY TO YIELD RESIDUALS OF A GIVEN MAGNITUDE 

r CONDITION NUMBER 

Figure 4 .  T e s t  Problem 2 
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Since a l l  eigenvalues a r e  contained i n  t h e  i n t e r v a l  

apply the  polynomial bound theorem and conclude t h a t  a f t e r  k s t e p s  of t he  

minimum r e s i d u a l  v a r i a n t  lirk]l/]lb]l i s  bounded by (0) I - (@/a-l) -,, 

( a )  U [a',@], w e  may aga in  

-1 

. So a l though t h e  rate of convergence i s  governed 

which depends on the  " e s s e n t i a l  cond i t ion  number" by the f a c t o r  1 - 
P.' = ~ / C X ' ,  a cons tan t  (K - 1) a l s o  e n t e r s  and this  can be  immense. We see t h a t  

r-l 

2 ,  ( 4 i z T + 1  

( K -  1) - (1 - 
' M + I  

perhaps log  ( ~ - l ) / ( ~ )  w a d d i t i o n a l  s t e p s  are requi red  simply t o  reduce w -1 
iii-l(0) I"(K-1) t o  about 1. 

In  Figure 5, we present  t he  r e s u l t s  f o r  Tes t  Problem 3 i n  which 999 

s i senva lues  were equa l ly  spaced i n  the i n t e r v a l  El, 10 1 ,  the  l a s t  e igenvalue 

b e i n g  success ive ly  a t  1, 10 , 10 , ..., 10 . Again, the  v e c t o r  b 

had equal  components i n  the d i r e c t i o n  of a l l  e igenvalues .  Thus the  r e a l  cond i t ion  

number, f /a ,  i s  10, LO , ,.., 10 , whi le  the  e s s e n t i a l  condi t ion  remains very low, 

-1 - 2  -5 

2 6 

10. By examining the  r e s i d u a l  l e v e l  and those below, we see  t h a t  the rate 

af convergence i s  about cons tan t  over a l l  the cond i t ion  numbers as the theory 

suggests .  The theory a l s o  sugges ts  a l a g  ( i . e . ,  log ( K - l ) / (  p-l) ) of about  

7 .  11. 14, 18, and 2 1  f o r  cond i t ion  numbers 10 , 10 , 10 , 10 , and 10 , respec- 

t i v e l y ,  From observat ion we see the a c t u a l  l a g s  are about  5, 9, 12, 16, and 19. 

These lags may seem n e g l i g i b l e  f o r  t h i s  p a r t i c u l a r  problem; more commonly, how- 

ever,  the  reduct ion of condi t ion  number i s  less dramatic  than from lo6  t o  10 and 

i n  such cases  the  assymptot ic  rate (i.e.,  the  rate a s s o c i a t e d  w i t h  t h e  smaller 

condi t ion  number) may not  be exh ib i t ed  u n t i l  a s i g n i f i c a n t  number of i t e r a t i o n s  

has been performed. 

4 7  -1 
2 3 4  5 6 
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10 -8 

NUMBER OF ITERATIONS NECESSARY TO YIELD RESIDUALS OF A GIVEN MAGNITUDE 

29 34 38 41 45 48 

CONDITION NUMBER 

Figure  5 .  Test Problem 3 
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I n  conclusion, then, i t  can be s a i d  t h a t  t he  two remarks about  convergence 

made a t  the  beginning of t h i s  s e c t i o n  ( i . e . ,  t h a t  the  r a t e  depends e s s e n t i a l l y  

on the  reg ion  of c l u s t e r e d  eigenvalues)  a r e  t o  some e x t e n t  t rue ,  however, much 

more so w i t h  the i s o l a t e d  l a r g e  eigenvalues  than w i t h  t h e  small  ones. 

4 .  Use of the  Conjugate Gradient  Algorithm f o r  Dense and Banded Systems 

The r a t e s  of convergence and r e l a t e d  number of s t e p s  f o r  acceptab le  

s o l u t i o n s  have been d iscussed  l a r g e l y  independent of the  a c t u a l  dimension of 

the  system. The important  cons ide ra t ion  has been t h e  d i s t r i b u t i o n  of the  eigen-  

va lues .  Figure 1, i t  may be r eca l l ed ,  provides  guaranteed bounds on t h e  number o f  

s t e p s  depending only on cond i t ion  number and i s  t o t a l l y  independent of the 

s y s t e m ' s  dimension. 

While we have suggested t h a t  the ,procedure  f o r  applying the  mat r ix  A 

t o  a given z be r e l a t e d  t o  the na tu re  of A as an opera tor ,  i t  i s  c e r t a i n l y  

poss ib l e  t o  represent  A as an n x n  mat r ix  of c o e f f i c i e n t s  ( i n  dense o r  sparse  

form) and simply take  i n n e r  products  of i t s  rows wi th  z (or  l i n e a r  combinations 

of A ' s  columns i f  t h a t  i s  p re fe r r ed )  t o  determine Az. In  such a case  we would 

expect  the amount of work p e r  a p p l i c a t i o n  t o  be approximately 1 m u l t i p l i c a t i o n  

and 1 a d d i t i o n  f o r  every non-zero i n  the mat r ix .  Let u s  denote  the  nurober of 

non-zeros by N .  The a lgor i thm i t s e l f  r equ i r e s  about 7 n m u l t i p l i c a t i o n s  and 

a d d i t i o n s  p e r  step, and i f  k i t e r a t i o n s  are necessary f o r  s u f f i c i e n t  convergence, 

t h i s  i s  k (Nt7n)  m u l t i p l i c a t i o n s  (and the same number of  a d d i t i o n s ) .  

We have seen that i n  the case  of wel l -condi t ioned problems, a small number 

of i t e r a t i o n s  may r e s u l t  i n  accep tab le  accuracy, and hence the  ques t ion  a r i s e s :  

Could conjugate  g rad ien t s  be more e f f i c i e n t  than a decomposition method even on 

dense systems? 

a p a i r  of t r i a n g u l a r  systems which r equ i r e s  about  n /6 + n 

I f  w e  compare wi th  Cholesky f ac to r i za t ion , fo l lowed  by so lv ing  

3 - O(n) m u l t i p l i c a t i o n s ,  
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we may conclude t h a t  conjugate  grad ien ts  w i l l  be more e f f i c i e n t  whenever 

3 2 
k(N+7n)  < n / 6  + n . 

2 
Since N i s  c e r t a i n l y  bounded by n ( t h e  s i t u a t i o n  where A i s  dense),  w e  

may say t h a t  t h i s  i s  the  case  i f  n exceeds 3 k - 1 + {(k-1)' + 14/3<) . 
I n  F igure  6 ,  we have taken the  values of k given i n  the  f i r s t  3 columns of  

( 

Figure 1 and replaced them by s u f f i c i e n t  va lues  of n .  Reca l l  that these  f i g u r e s  

a re  based upon s lowest  p o s s i b l e  convergence and dense systems; i f  e i t h e r  proper ty  

were n o t  t o  hold,  the  s u f f i c i e n t  n would be lower. 

For banded systems of bandwidth m ( i .e . ,  a t  most 2 m + 1  non-zeros p e r  

row), a n  a p p l i c a t i o n  of A r equ i r e s  about n(2m+l) m u l t i p l i c a t i o n s  (and t h e  

same number of a d d i t i o n s ) .  Taking k conjugate  g rad ien t  s teps  here  r equ i r e s ,  

then, about  kn(2mT8) m u l t i p l i c a t i o n s .  Comparing t h i s  w i th  banded Cholesky 

f a c t o r i z a t i o n  and banded t r i a n g u l a r  system-solving (which toge ther  r e q u i r e  about  

n /2  - (m+l) (m+6) m u l t i p l i c a t i o n s ,  see [ 5 ] ) ,  we seek t o  have 

i . e . ,  

< (m-1) (m46) 
4 (m4t) 

o r  

1 2 
2 m < - 0  (4k-7) 1 + +8 (8k-3) / (4k-7) 

I n  F igure  7, w e  d i s p l a y  the  bandwidths which would r e s u l t  i n  conjugate  g r a d i e n t  

exceeding the  e f f i c i e n c y  of the  banded Cholesky approach. Since t h e  ope ra t ion  

counts  f o r  Cholesky assume m << n, t h i s  should be considered.  What a l s o  should 

be considered i s  t h a t  w e  have a c t u a l l y  only assumed that no more than 2m+l non-zeros 

occurred i n  any row. We d id  not  assume anyth ing  about  t he  l o c a t i o n  of t he  non-zeros: 

t h e  ma t r ix  need n o t  be symmetrically permutable i n t o  banded form f o r  t he  v a l i d i t y  
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Condition Number 
S i z e  of L- Residual  lo3 lo1 10 

31 9 1  28 9 

55 163 50 5 

7 3  229 7 27 

97 30 1 943 

115 3 67 1 1 5 9  

1 3 9  43 9 138 1 

157 50 5 1597 

18 1 57 7 18 17 

Figure  6 .  S u f f i c i e n t  Dimension of Dense S y s t e m  f o r  Conjugate Gradient 

Algorithm t o  B e  More E f f i c i e n t  Than Cholesky F a c t o r i z a t i o n  
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Size  of 
R e  s idua  1 

10- 

10 -4 

Condition Number 

lo1 1 lo2 

14 I 54 

30 I 102 

4 2  I 146 

58 194 

70 238 

8 6  286 

98 330 

I 
114 I 378 

lo3 

18 6 

330 

478 

622 

7 66 

9 14 

1206 

Figure 7 .  S u f f i c i e n t  Bandwidth of Banded System f o r  Conjugate Gradient  

t o  Be More E f f i c i e n t  Than Cholesky F a c t o r i z a t i o n  
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of the conjugate g r a d i e n t  ope ra t ion  counts .  A l t e rna t ive ly ,  t he  Cholesky approach 

may begin w i t h  a time-consuming bandwidth reduct ion  s t a g e  and r e s u l t  i n  a permuted 

ma t r ix  wi th  a c e r t a i n  bandwidth but  a g r e a t  d e a l  of s p a r s i t y  w i t h i n  the  bands. 

Most f a c t o r i z a t i o n s  do n o t  e x p l o i t  t hese  i n t e r n a l  ze ros  ( i t  i s  as c o s t l y  t o  d e t e r -  

mine them as i t  i s  t o  ignore  them), and thus  i f  t h e  bands were only  about p% f u l l ,  

t h e  necessary  bandwidth f o r  conjugate  g r a d i e n t  t o  be more e f f i c i e n t  would be about  

p% of t h e  bounds g iven  i n  Figure 7,and t h i s  i gnores  any t i m e  f o r  bandwidth reduct ions .  

While we do n o t  wish t o  suggest  that  t h e  conjugate  g rad ien t  approach i s  

even competi t ive f o r  a l l  problems, t he re  c e r t a i n l y  e x i s t  p r a c t i c a l  problems which 

are f u l l  o r  banded and f o r  which conjugate  g r a d i e n t  i s  much more e f f i c i e n t .  
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